Abstract. We characterize the generating functions of the numbers of representations described in the title in the context of modular forms. Appealing to this characterization we obtain explicit formulas for the representation numbers as examples.
Introduction and statements of results
In the previous work [1, 2, 3] , the author exploited class field theory to obtain characterizations of integers that can be expressed as x 2 + ny 2 or x 2 + xy + ny 2 (n ∈ N) with extra conditions x ≡ 1 (mod m), y ≡ 0 (mod m) on the variables. For example we have for a ∈ N with (a, 6) = 1, a is of the form x 2 + y 2 with x ≡ 1 (mod 3), y ≡ 0 (mod 3) if and only if a has exactly even number of prime divisors that are congruent to 5 modulo 12 (see [2, Example 2]). It is then natural to study on the number of such representations, i.e. to try to find the formula for The purpose of this article is to find such kind of formulas by characterizing the generating functions of the representation numbers in the context of modular forms. For example we will obtain explicit formulas for the representation numbers
where u i ∈ {0, 1, 2} (see Example 5 in Section 3).
We are now going to introduce our theorems. Let H = {τ ∈ C Im(τ ) > 0} be the complex upper half plane and H * = H ∪ Q ∪ {∞}. Here the elements of Q ∪ {∞} are called cusps. The group SL 2 (Z) acts on H * by linear fractional transformation γ(τ ) = aτ +b
The principal congruence subgroup Γ(N) with N ∈ N is defined to be
and any subgroup of SL 2 (Z) containing Γ(N) is called a congruence subgroup of level N.
In this article we mainly employ the congruence subgroups Γ 0 (N) and Γ 1 (N) that are defined as follows:
Let k, N be positive integers and ψ a Dirichlet character modulo N. The slash operator
where f is a meromorphic function on H and γ = ( a b c d ) ∈ Γ 0 (N). It is tedious to verify that
Let k, N, ψ be as above and let Γ be a congruence subgroup of level N contained in Γ 0 (N). By definition a modular form of weight k for Γ with nebentypus ψ is a function f
If a modular form f vanishes at all cusps, then it is called a cusp form. The C-vector space of modular forms of weight k for Γ with nebentypus ψ is denoted M k (Γ, ψ). The subspace consisting of Eisenstein series (respectively, cusp forms) is denoted by E k (Γ, ψ) (respectively, S k (Γ, ψ)). In case ψ is the trivial character, we simply denote them by M k (Γ), E k (Γ), and S k (Γ). We also employ the standard notation q = e 2πiτ for τ ∈ H.
Let Q(x) = ∑ 1≤i≤j≤n a ij x i x j be a positive-definite quadratic form where n ∈ N is even, a ij ∈ Z, and x = t (x 1 . . . x n ). We denote by A Q the symmetric matrix of size n over Z whose entries satisfy the following conditions:
be the discriminant of the quadratic form Q. The level of the quadratic form Q is defined to be the smallest integer
where c ij denotes the (i, j) cofactor of A Q (see Section 2).
We are now ready to introduce our theorems.
form and P (x) a spherical function of degree ν with respect to the coefficient matrix A Q .
For every m ∈ N and every u ∈ Z n , the function
is a modular form of weight
is the generating function of the representation numbers r u;m
The next theorem allows us to decompose the space 
Then we have
where χ runs over all Dirichlet characters modulo M such that χ(−1) = (−1) k ψ(−1).
Proofs of Theorems 1.1 and 1.2
We begin by summarizing several facts about theta functions associated with quadratic forms. The reader may refer to [12, Chapter IX] or [11, Section 4.9] .
Let A ∈ M n (Z) (n even) be a positive-definite matrix whose entries satisfy the following conditions:
Such matrices are called even. Then the quadratic form
is positive-definite and
Let D = (−1) n 2 det(A) be the discriminant of the quadratic form Q. For example,
The level of the quadratic form Q is defined to be the smallest integer N ∈ N such that NA −1 is an even matrix.
Proposition 2.1. The level of the quadratic form Q is given as
Proof. See [12, Theorem 1 in Chapter IX].
We further remark that N and D have the same prime divisors. Let P (x) be a spherical function of degree ν with respect to A. It is a homogeneous polynomial of degree ν in variables x 1 , . . . , x n (see [11, p.186] ) given as
Let h ∈ Z n be a column vector satisfying Ah ≡ 0 (mod N). We now define the theta function θ(τ ; h, A, N, P ) by
where A[x] = t xAx and e(z) = e 2πiz . Then the theta functions are holomorphic in H and
Proposition 2.2. We have the transformation formulas
2 )θ(τ ; h, A, N, P ),
Proof. We refer to [12, Theorem 2 in Chapter IX].
The theta functions behave in a relatively simple way under certain modular transformations.
Proof. See [12, Theorem 5 in Chapter IX].
We are now ready to prove our theorems.
Proof of Theorem 1.1. Appealing to Proposition 2.1 we easily see that the level of mA Q is mN Q , whence we may take
we need to show that
because auN Q ≡ uN Q (mod mN Q ). Proposition 2.2 implies that the theta functions are holomorphic (respectively, have zeros if ν ≥ 1) at all cusps, whence the proof is complete.
Proof of Theorem 1.2. For f ∈ M k (Γ 0 (MN)∩Γ 1 (M), ψ) and χ a Dirichlet character modulo M, we define
where
where the summation is taken over all Dirichlet characters χ modulo M. This is because
where χ runs over all Dirichlet characters modulo M. By definition one has
unless (χψ)(−1) = (−1) k . This completes the proof.
Examples
In the case when the space
) of cusp forms is trivial, we can get an explicit formula for the number of representations of integers by the quadratic form Q(x) with congruence condition x ≡ u (mod m) on the variables. This is because
is then spanned by Eisenstein series and their Fourier coefficients are explicitly known (see Theorem 1.2 and the two theorems below).
Let A N,1 be the set of triples ({ψ, ϕ}, t) such that ψ and ϕ, taken as an unordered pair, are primitive Dirichlet characters satisfying (ψϕ)(−1) = −1, and t is a positive integer such that tuv N, where u and v denote the conductors of ψ and ϕ, respectively. For ({ψ, ϕ}, t) ∈ A N,1 let
where δ(ψ) is 1 if ψ is the trivial character and is 0 otherwise, and Hereafter χ n (⋅) denotes the quadratic character n ⋅ for n ∈ Z.
and u i ∈ {0, 1, 2}, let
Appealing to Theorems 1.1 and 1.2 we see that f
This space has no cusp forms other than 0, whence we see by the preceding theorem that
Their Fourier expansions are explicitly given as
Calculating sufficiently many r u 1 ,u 2 ;3 Q (n), we can express f u 1 ,u 2 ;3 Q (τ ) as a linear combination of the above Eisenstein series. In terms of the identity
we obtain for every n ∈ N r 1,0;3
Example 2. The following results are easily obtained by the same method as above, whence we merely present their formulas without detailed explanation.
(
, then one has for any n ∈ N r 1,0;2
, we see r
(n) and
One has for every n ∈ N r 1,0;2
, one has for any n ∈ N r 1,0;2
(n) and obtain for any n ∈ N r 1,0;2
We are now going to deal with quadratic forms of four variables. Let A N,2 be the set of triples (ψ, ϕ, t) such that ψ and ϕ, taken this time as an ordered pair, are primitive Dirichlet characters satisfying (ψϕ)(−1) = 1, and t is an integer such that 1 < tuv N, where u and v denote the conductors of ψ and ϕ, respectively. For any triple (ψ, ϕ, t) ∈ A N,2 we define
1 (n)q tn otherwise. Here δ(ψ) has the same meaning as before, and Remark 1. We will not deal with an example of weight greater than 2, whence we merely refer the reader to [7, Theorem 4.5.2] for the basis of E k (Γ 0 (N), χ) with k ≥ 3. 
In terms of the identity
we obtain for every n ∈ N r 1,0,0,0;2 (n) = 1 + −4 n σ(n) − 3σ(n 2) + 2σ(n 4), r 1,1,0,0;2 (n) = 4σ(n 2) − 12σ(n 4) + 8σ(n 8),
Example 4. By a routine computation as above we can obtain the following results.
(1) The modular form f u;2 If we denote by c(n) the nth coefficient of the cusp form η(6τ ) 4 , i.e. 
